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Abstract

In the paper Preference Signaling in Matching Markets, Coles, Kushnir and Niederle

investigated in details the role of a signaling model in facilitating coordination and reducing

congestion in a two-sided matching market (in this case, a typical job market), and showed

that even the simplest form of such model could have quite considerable beneficial impact

on agent’s welfare outcome and the matching result overall. In this paper, I extend this

idea further to investigate the equilibrium behavior and welfare outcomes of some modified

signaling models in a simplified setting. Specifically, I look at the signaling mechanism that

have reduced information content or reduced information availability: one is the noisy sig-

naling mechanism where the signals contain some noise, parametrized by some probability

p; and another is the lost signaling mechanism where the signals might be lost during trans-

mission sometimes. For conclusion, I found that as the signal strength decreases through

the lost parameter, the amount of additional social welfare also decreases proportionally –

and it vanishes when the signal is lost with probability 1. On the other hand, as the signal

strength decreases through the noisy parameter, the additional social welfare will only be

partially eliminated – the additional welfare is now attributed to two sources, informational

gain through signaling and coordination effect from the mechanism alone. So when the signal

becomes completely noisy, only the part of the additional welfare that is due to information

gain will be eliminated, while the mechanism alone surprisingly still provides coordination

effect to the market. This result gives us a more concrete and diverse understanding of how

the signaling mechanisms work in a matching market.
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1 Introduction

The matching problem concerns with one of the most fundamental aspects of everyday

life: determining the allocation of goods and who gets what. It has been extensively studied

in the past several decades, and results of these studies have been modified and adapted to

solve many real-life matching problems. Some examples of these matching problems include

the matching of medical students with hospital internships, PhD students with universities,

job candidates with employers, and etc. The developed theories that lie behind many of these

applications are further discussed in the next section. In particular, this paper concerns with

a discentralized type of two-sided matching market that most resembles a job market. In a

job market, there are two sides of agents: workers and employers. A worker may consider

many companies, but it is commonly assumed that they can only work for one company at

the end. On the other hand, a company may also consider or hire multiple workers. In this

paper, we consider a model with one-to-one matching. That is, a worker can only work for

one employer, and an employer can only hire one worker.

This paper is an extension of the work on preference signaling mechanism in the matching

markets by Coles, Kushnir and Niederle (Coles[3]). In that paper, they showed that the

signaling mechanism can introduce beneficiary effect to the matching market by encouraging

coordination and therefore reducing congestion and increasing matching rate. The most

fundamental idea here is that without the signaling mechanism, an employer’s best bet is to

hire its most preferred worker, but then such natural matching process could become very

problematic and inefficient when employers’ preferences overlap significantly. In the most

extreme scenario, if all N employers prefer some worker A the most and all decide to extend

an offer to that worker, then worker A can only accept one out of the N offers. This will

leave all other workers and employers unmatched. The signaling mechanism would allow

workers to indicate their preference information to the employers, and consequently create

an equilibrium where employers would value the interest of the workers and offer workers
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that is not their favorite. Therefore, instead of having all the offers “congested” on one or a

few workers, now the offers are distributed to potentially a larger set of workers on average,

and the matching result will be improved.

If we further break down the effect of the signaling mechanism, we see that the beneficiary

effect is created through two specific sources: the information transmitted through signals,

and the coordination effect of the mechanism. When an employer receives a signal from

some worker, it learns about the preference of that worker and whether that worker will

likely to accept its offer. While the employer cares about getting matched with a more

preferred worker, it also cares about just getting matched, since being unmatched means no

payoff at all. Therefore, knowing a worker’s preference will help employers make smarter

hiring decisions and increase the matching rate overall. On the other hand, the coordination

effect of the mechanism is less obvious to observe in Coles[3]’s model because coordination

happened as a side effect of the information gain. For this reason, it is difficult to determine

the individual effect of each source. In this paper, we look at two modified version of the

original model in Coles[3], where in each modification we weaken the strength of the signal

in a different way. Through such reduced-strength signaling mechanisms, we could better

understand how much effect does the coordination effect of the mechanism alone contribute.

The first way to weaken the signal strength and reduce information gain is to reduce

information reliability by adding noise to the signal. We introduce a probability parameter

p, which represents the probability that a worker’s signal will be successfully delivered to its

intended receiver. And at probability 1− p, the signal will be misdelivered (randomly) to a

different employer. Therefore, when an employer receives a signal, the information contained

in the signal will be noisy: the worker’s preference indicated through the signal is only true

p of the time. The second way to reduce signal strength is to reduce information availability

through what I call a lost signaling mechanism. Similar to the noisy signal, the lost signal

also comes with a probability parameter p representing the chance a signal will be delivered

successfully. The difference is that the complement event, which happens at probability 1−p,

will be that the signal is lost and no employer will ever receive that.
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We see that when we set p = 1, both modifications are equivalent to the original signaling

mechanism presented in Coles[3]. When p decreases, the signal strength in each modification

is reduced, and the information transmitted through signal becomes less reliable or less

available. However, the two modifications differ in some subtle yet fundamental way, and

with the noisy signaling mechanism, we no longer observe the coordination effect of the

mechanism as a side effect of the information gain: we could determine its individual effect to

the market by adding enough noise to the signal such that the information gain is completely

eliminated. This will be one of the main results of this Thesis. In a model with noisy

signaling mechanism, even if there is no information gain, the market could still benefit from

the coordination effect that the mechanism itself provides. This result demonstrates the

significant role that such coordination effect plays in a matching market.
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2 Related Literature

The core idea of this thesis lies in the intersection of signaling theory and matching prob-

lem. Signaling theory studies the behavior when one party tries to credibly communicate

some information to another party through sending a “signal.” The signal might be an ob-

servable action taken by the information sender, or even just a verbal message, and it could

be either costly or cost-free. The point of sending a signal is to communicate to the receiver

something about the sender (or the state of the world) that the receiver cannot observe

otherwise. And of course, it is up to the receiver to decide whether or not she should believe

in what the signal is indicating.

On the other hand, the matching problem, which is a quite general umbrella term, studies

the question of who gets what, especially when the items involved in the allocation are

heterogeneous and indivisible (Niederle[8]). The problem is very general in the sense that

it does not specify any detail or make any assumption about how to do the matching, and

it therefore gives rise to a myriad of variations. It is difficult to completely classify all types

of variations of the matching problem, but from the standpoint of this Thesis and where it

lies on the subject of matching, we can categorize the relevant variations of the matching

game based on the following characteristics: 1) what kind of market is the matching taking

place in, 2) whether the matching is exclusive (one-to-one or many-to-one, etc.), and 3) what

mechanisms are used in the matching process. We shall discuss each of them in the following.

The first major distinction is the type of the market. As far as we concern for the context

of matching, the market is either centralized or decentralized, and two-sided or one-sided. A

centralized matching market is one where a central clearinghouse is present to monitor and

regulate the matching process. For example, when medical students graduate from medical

school and apply to hospitals for internship, they not only interview with the potential

employers, but also submit an ordered preference list of positions that they are applying

to the National Resident Matching Program (NRMP). The NRMP is effectively a central
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clearinghouse that receives the preference lists from both the medical students and residency

programs/hospitals, and uses an algorithm to generate matching suggestion (Niederle[8]).

On the other hand, a decentralized matching market is simply the kind without a central

regulatory agency, and each agent in this game still possess a preference list, but it may not

be revealed to anyone else but themselves. The markets for college admission and company

recruitment are all examples of a decentralized market.

Moreover, a market can be either two-sided or one-sided. In a two-sided market, there

are two sides of agents, and the agents on one side (usually referred to as workers) need

to be matched with agents on the other side (usually as employers), and the game allows

each agent to have preference list over possible matches (Niederle[8]). In contrast, in a

one-sided market, agents are all on one side, and they either want to match with each other

or with objects, which don’t posses any individual preference. For example, a job market is a

two-sided market since job candidates and companies are clearly on the opposing sides. The

roommate matching/selection process, on the other hand, takes place in a one-sided market.

The second major distinction is whether the matching is exclusive. In the job market

example that we’ve considered above, consider a student that has just graduated from college

and started working full-time at a company. The student can only work at this company and

is not allowed to work elsewhere simultaneously, but the company can hire multiple students

at once. Therefore, such student-company matching is many-to-one, and is not exclusive.

However, say if the company is a start-up business and has limited budget so it can only

hire one student each year, then the (annual) matching will be one-to-one and exclusive.

One of the first literatures on matching problem is the paper College Admissions and

the Stability of Marriage by Gale and Shapley (henceforth, as GS). In this paper, they

investigated how to achieve efficient matching results in the marriage problem and the college-

admissions model. The marriage problem happens in a two-sided market where matching

can only be done one-to-one. It is given the name of “marriage problem” because it is

conventionally thought of as the process of matching men and women together for marriage.

And in many cultures, marriage is a one-to-one matching. The college admissions model
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also takes place in two-sided markets, but its matchings are many-to-one, since each college

can admit many students but each student can only attend one college at a given time. A

significant result from this paper is the Deferred Acceptance Algorithm they proposed for

the marriage problem. The algorithm essentially gives one side (by default, the men) the

opportunity to propose matching. In each period, each man propose to match with some

woman (his 1st choice), and each woman holds her most preferred proposal and rejects all

others. In the next period, all unmatched (rejected) men will propose again, but this time,

they will propose to their most preferred women that have yet to reject them. And then

each woman selects which proposal to hold again. This procedure is repeated for however

many times necessary until one side is fully matched (Roth[11]). Gale and Shapley showed

that this algorithm gives rise to a stable matching result – stable in the sense that no pair of

agents would like to swap their matches with each other. Furthermore, when all agents have

strict preferences, given that men propose, there always exists a M-optimal stable matching

(optimal in the sense that every man is at least as well off under the assignment given by the

deferred acceptance procedure as he would be under any other stable assignment) (Gale[4]).

And if we instead let women propose, we can similarly derive a W-optimal stable matching

result. Finally, Roth further built onto this result by showing that such M-optimal stable

matching is weakly Pareto optimal for the men in the set of all matchings, and there can

be no matching (even an unstable matching) that all men strictly prefer to the M-optimal

stable matching (Roth[10]).

The Deferred Acceptance Algorithm is one of the most significant results on match-

ing. Many centralized market clearinghouses, including NRMP that we mentioned before,

still uses this algorithm or a modified version of it to carry out matchings. However, one

shortcoming for this solution is that it is difficult to implement when a centralized market

structure is absent. In my Thesis, we consider a decentralized two-sided matching market

where such algorithm does not apply well. The game has a similar setup to the marriage

problem, as the matchings are exclusive. We then investigate how other mechanism can help

improve the matching results. But before that, we shall discuss another major distinctions
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for the variations of the matching problem, so that we can paint a better picture of where

this Thesis lies on the whole spectrum of theories.

The third major distinction is what additional mechanisms are used to assist matching.

One approach that Lee and Schwarz raised is to generalize the traditional marriage problem

in GS by introducing an “interview stage” for conducting costly information acquisition. In

this stage, firms can interview any worker to learn about their true preferences. One of

the subtleties in this model is that even if all firms and workers conduct the same num-

ber of interviews, realized unemployment will depend also on the extent to which agents

share common interviewing partners. Finally, they showed that unemployment is minimized

(matching is maximized) when any pair of firms either interview the same set of workers or

completely distinct set of workers (Lee[7]).

Another fascinating approach raised by Cole, Niederle, and Kushnir is to introduce a

preference signaling mechanism to the traditional marriage problem (Coles[3]). They de-

scribed a decentralized and congested job matching market where the employers cannot give

full attentions to each applicant, but applicants are ready to provide information about their

preference for a particular employer. They designed a preference signaling mechanism that

allows the applicants to send one and only one signal to an employer to express interest. In

return, when an employer received a signal, it is “overall” more likely to respond to that sig-

nal by offering the signaling worker, and therefore provide benefit to the act of signaling. By

overall, we mean the average of times across all equilibrium of the game. In fact, they showed

in this paper that there always exists an equilibrium where each worker signals her favorite

firm, and each firm offers the best worker that have signaled it. And under such equilibrium,

the expected number of matching and worker’s expected payoff are all increased. Therefore,

even just a simple signaling mechanism as such can add considerable value to the market by

reducing the market congestion. My Thesis builds onto this result and investigates the effect

of a signaling mechanism in the matching market when the signal’s strength is reduced.

A signal’s strength is usually measured by two criteria: 1) how credible is it and how

much credible information does it convey, and 2) how easily observable is it. The effect of
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signaling and generally speaking, information transmission, has been studied extensively in

the past. In the seminal work by Spence (Spence[13]), he constructed a signaling model

in the job market where applicants use education as a costly signal to communicate their

unobserved characteristic (innate ability) to the recruiting companies. The signal in this

situation has a very strong effect, since it is very readily observable and credible. The signal

is observable because any employer can easily detect this signal from the applicant’s resume.

And the signal is credible because the action of pursuing for a higher education degree is

costly to the signaling agent, and as a result, the signal receiver is more likely to believe in

the signal.

Not all signals achieve credibility by having a huge costs, in fact, many signals are costless.

Such signals are usually referred to as the “cheap talks” (Crawford[2]). In a game with

“cheap talks”, the agents are usually referred to as the (message) sender and receiver. And as

the name suggests, the sender does not incur any cost by sending a message to the receiver.

The sender and the receiver usually have partially aligned interests: the receiver will need

to choose an action based on the information provided by the sender, and both sender and

receiver derive utilities from this action of the receiver. Since the interest of both agents are

partially aligned, they both want a certain kind of action to take place, but since the interest

is not perfectly aligned, the sender might not always want to communicate the entire truth

to the receiver. Instead, the senders might want to “distort” the truth by a little so that

the result is more favorable to them. In our model, the signaling mechanism that we studies

resembles more closely to the cheap talk model, since the signals are costless, and workers

and employers both derive payoff from the action of the employers (deciding whom to offer).

Many past literatures have contributed to extending the theories on the preference sig-

naling mechanism as well. Kushnir investigated the potential negative effect of introducing

a signaling mechanism when we constrain the preference distribution space of the workers.

In this model, workers have “almost aligned preferences” over firms: each worker either has

a “typical” and commonly known preference at probability close to one, or an “atypical”

idiosyncratic preference at probability close to zero. Under the assumption that firms have
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some commonly known preferences over workers, he showed that the preference signaling

mechanism is harmful in this environment where information asymmetry is already small to

begin with. The positive benefit of a signal is to transfer otherwise unobservable information

and to reduce information asymmetry across the market. However, when such information

asymmetry is small to begin with, signaling may even create new information asymmetry

on one side of the market such that it leads to coordination failures (Kushnir[5]). In his

PhD dissertation, Kushnir also investigated a many-to-one matching market with multiple

signals, where employers are allowed to hire multiple workers and workers are allowed to

send multiple signals, and a many-to-many market, where we remove the assumption that

workers can only work for one firm at a time. He showed that the agent’s behavior and

welfare outcome in these scenarios are similar to those in the basic model, where workers

send only one signal and matchings are one-to-one (Kushnir[6]).

My Thesis differs from Kushnir’s approach in the sense that 1) I focus on the model

where each worker can send only one signal and matchings are one-to-one, and 2) I restore

the initial information uncertainty in the game by assuming agents to only have randomly

drawn preference from a uniformly distributed preference set. And under this environment

setup, I study the relationship between signal strength and the benefit introduced by the

signaling mechanism. Generally, we would expect the benefit to decrease as the signal’s

strength decreases. However, I show that the mechanism’s benefit is not completely at-

tributed to signaling (and the information that signals transmit): in the extreme scenario

where signals are equivalent to randomly generated noise, a signaling mechanism can still

provide additional benefit to the matching market.
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3 Model

3.1 General Model

The general model here concerns with the marriage problem between two opposing sides

of agents: firms and workers in the job market. Let F be the set of firms and W be the

set of workers. In Coles[3], they considered the general case where there are any arbitrary

number of agents on each side of the market. In our model and analysis, we restrict our

attention the case where there are only two agents on each side of the market. In this way,

the ideas embedded in the model (and our modifications to the model) can be more readily

and explicitly illustrated.

We label explicitly, the set of firms/workers: F = {f1, f2} and W = {w1, w2}. Each agent

(firm or worker) has a private preference list that ranks all the agents on the opposing side

of the market. Specifically, for each firm f , let θf denote an instance of firm f ’s preference

list over the set of all workers. θf is a vector of size 2, and it means that firm f assigns a

rank of 1 to the worker in the first entry of the vector and rank of 2 to the worker in the

second entry of the vector. For example, when θf = (w1, w2), it means that firm f ranks

w1 first and w2 second. A lower rank stands for stronger preference, so in this case firm f

strictly prefers w1 more than w2. Let Θf be the set of all such possible preference list for

firm f , so Θf = {

w1

w2

 ,

w2

w1

}. We assume that Θf has a uniform distribution, or simply,

P(θf =

w1

w2

) = P(θf =

w2

w1

) = 1

2
for all f ∈ F . Finally, we assume that the preference

list is private information for each agent, that is, at the beginning of the game, each agent

only has knowledge of their own preference list but no other’s.

Firms obtain utility from being matched to workers. We assume all firms have identical

utility function, µF : Θf × (W ∪ N ) → {0, x, 1}, where x ∈ (0, 1) is a constant. Firm’s

utility depends only on its preference list and whom it is matched to. Here N (meaning

null) denotes the situation where firm is matched to no worker. We refine the definition
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of µF with the following stipulations: i) a firm being matched to its most favorite worker

receives a payoff of 1, ii) a firm being matched to its second favorite worker receives a payoff

of x, and iii) a firm being matched to no worker receives a payoff of 0. Clearly, firm strictly

prefers any matching result over not being matched.

On the other hand, we can similarly define the preference list θw, preference list set Θw

for each worker w ∈ W , and utility function µW : Θw × (F ∪ N ) → {0, x, 1} for all work-

ers. We’re now finished with introducing the general framework of the model. Now agents’

strategies and the general description of the game stages will be different, depending on

whether the game allows a signaling mechanism. As introduced earlier, worker is assumed

to be the signal sender (or matching proposer) and firm is the signal receiver (or matching

receiver) in this model. So when a signaling mechanism exists, we simply mean that workers

now have the opportunity to send a message to any firm to indicate her interest in that firm.

We shall discuss the meaning of a signal in greater depth in the following sections, but first

we shall describe the model in the base case where no signaling mechanism is used.

GAME WITH NO-SIGNAL

In this version of the game, workers are not allowed to send signal to any firm. Thus, each

firm will simply choose whom they will hire. The game will proceed in the following two

stages,

1. Each firm, given its own preference list, makes at most one offer to some w ∈ W .

2. Each worker will have received 0, 1, or 2 offer(s), and they each decide to accept at

most one offer, if any.

A firm f and a worker w are considered to be matched with each other if f sends an

offer to w in stage 1 and w accepts it in stage 2. Since agents strictly prefers any matching

result over not being matched, we can safely modify the game description above such that

each firm will always offer some worker in period 1 and each worker will always accept an
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offer if given any. We look at pure strategies for each firm f , and such a strategy is formally

given by mapping σf : Θf → W . Later when we analyze the strategic behavior of each firm

in the game, it’ll be convenient to fix the preference list of the particular firm that we will

be studying. If firm f ’s preference list is fixed to be some θ∗f ∈ Θf , then its strategy will

simply take the form of σf (θ
∗
f ) = wi for some wi ∈ W . This means that firm f chooses to

offer wi when given its preference list is θ∗f .

On the other hand, we also look at pure strategies for workers. The strategy for worker

w is defined by mapping σw : Θw × 2F → F ∪ N , where 2F = {∅, {f1}, {f2}, {f1, f2}} is

the power set of F and denote the set of all possible combination of offers worker w could

potentially receive, and N is the null set and denote the action that worker w accepts offer

from no one.

GAME WITH SIGNAL

In this version of the game, workers are allowed to send a signal to any firm. The signal here is

just a “blank” signal without any word or actual message that can help quantify the extent of

the expression of the signal. That being said, the model does not restrict the interpretation of

a signal: it could be interpreted as either an “I-like-you” message or an “I-hate-you” message.

Since there are only two firms in the market to start with, the two interpretations of the

signal are actually equivalent: the worker can always express her interest to the firm she

likes the most by sending a signal to it when the signal is interpreted positively, or sending

a signal to the other firm when the signal is interpreted negatively. Therefore, without loss

of generality, we can just assume that the signal is interpreted positively as an indication of

interest. The game will proceed in the following three stages,

1. Each worker, given her own preference list, sends at most one signal to some f ∈ F .

2. Each firm, given its own preference list and all the signal(s) that it received (if any),

makes at most one offer to some w ∈ W .
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3. Each worker will have received 0, 1, or 2 offer(s), and they each decide to accept at

most one offer (if any).

Again, since agents strictly prefer being matched to not being matched. We assume that

workers will always signal some firm in period 1, firm will always make an offer in period 2,

and workers will always accept an offer if received any in period 3.

Any pure strategies for firm f is now defined by σf : Θf × 2W → W , where 2W is the

power set of W and denote the set of all possible combination of signals that firm f could

potentially receive. When we fix firm f ’s preference list to be θ∗f ∈ Θf , its strategy can be

concretely defined as a 4-tuple. That is, σf (θ
∗
f ) = (A0, A1, A2, A12) where each Ai ∈ W .

Here, A0, A1, A2, A12 respectively denotes the worker that f will choose to offer when f

receives signal from no one, only worker w1, only worker w2, or both workers w1, w2 (hence

the subscripts 0, 1, 2, 12).

On the other hand, we also look at pure strategies for workers. The strategy for worker

w is defined by a pair of mappings σw = (σ1, σ3), where σ1 : Θw → F denotes the strategy

worker w takes in period 1, and σ3 : Θw × 2F → F ∪N denotes the strategy in period 3.

Next we consider two modifications on this general model. In both modifications, we

change the nature of the signal and weaken its strength in some way. In the first modification,

we consider the signals with noise. And in the second modification, we consider the signal

that is sometimes lost.

3.2 Modification A: Noisy Signal

Definition 1 [Noisy Signal]

Given the set of workers W = {w1, w2} and the set of firms F = {f1, f2}. Let m be a

signal that wi sends to fj, where wi ∈ W , fj ∈ F . Then m is called a noisy signal with
parameter p if at probability p ∈ [0, 1], fj successfully receives m, but at probability 1− p,

m is sent to the other firm in the market.

16



In this model, we modify the nature of the signal such that when a worker sends a signal,

it is no longer guaranteed to be delivered to the intended receiver firm. Instead, it will

be sent to the intended firm at probability p, but also may be sent to the wrong firm at

probability 1 − p. When p = 1, this model is clearly equivalent to the general model with

a regular signal. When p = 0.5, the signal is “completely noisy” and essentially contains

no information at all, since the signal will always be sent to either firm at equal probability

regardless who the intended receiver firm is. The parameter p is symmetric across 0.5 – a

game of noisy signal with parameter p < 0.5 and each worker offering her intended firm

is equivalent to a game of noisy signal with parameter 1 − p and each worker offering the

non-intended firm. Hence, it’ll suffice to restrict our attention to the game where p ∈ [0.5, 1].

The noisy signaling mechanism is a strictly more general mechanism of the regular signal-

ing mechanism, since the latter is equivalent to a noisy signaling mechanism with parameter

p = 1. However, when p < 1, it means that the information being transmitted are no longer

fully trustworthy. That is, at 1− p of the time, the information will be inaccurate. And un-

der such distortion of information, the additional benefit introduced by signaling mechanism

is lessened.

3.3 Modification B: Lost Signal

Definition 2 [Lost Signal]

Given the set of workers W = {w1, w2} and the set of firms F = {f1, f2}. Let m be a

signal that wi sends to fj, where wi ∈ W , fj ∈ F . Then m is called a lost signal with
parameter p if at probability p ∈ [0, 1], fj successfully receives m, but at probability 1− p,

m is lost and no firm will receive m.

In this model, we assume that the signal that the worker sends can sometimes be lost

in the middle of transmission: when a worker sends a signal, it will be send to the intended

firm at probability p and it will be lost for the other 1− p of the time. This modification is

constructed to serve as a direct comparison to the game of noisy signal. Through comparing
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the equilibrium and matching results of these two modifications, we hope to gain a better

idea of how do these modifications differ in their ways to reduce the strength of the original

signal.

Under this modification, the signals will truly become a private information. In the

general model and modification 1a, for example, when firm f1 receives only one signal from

some w1, it knows that firm f2 must have received one and only one signal from w2. So

f1 learned the preference of both workers despite only receiving signal from one of them.

However, this will no longer be the case in the game of lost signal, since the signals now

could potentially be delivered to no one. Overall, the lost signaling mechanism will transmit

less information than the regular signaling mechanism. However, it is not at all clear how

does the lost signaling mechanism compare to the noisy signaling mechanism. On one hand,

some information will be eternally lost during transmission in the lost signaling mechanism;

but on the other hand, the information transmitted through the noisy signaling mechanism is

never fully reliable and trustworthy while any information that was not lost but successfully

delivered through the lost signaling mechanism will be fully reliable. Later on, we shall keep

on with such comparison between the two modified models. As we compare the equilibria

condition and welfare results between them, we hope to gain additional insights about the

nature of both mechanisms, and see when does the worker/firm/society prefer one kind of

signal to another.
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4 Equilibrium Analysis

4.1 Regular Signal

In this section, we analyze the game with no signal and the game with regular signals.

These results will serve as the “base case” and benchmark for the later results on the modified

game models. These results are exposed explicitly in Coles[3], we simply re-state them for

reference here. We will look at sequential equilibria in all settings.

In the game with no signal, sequential equilibrium requires that each worker always plays

her best response by selecting the best available offer in the last stage. To be explicit, this

means that upon receiving 0, 1, or 2 offer(s), a worker will do nothing, accept the only offer,

or accept the offer from her most favorite firm, respectively. In the second to last stage,

each firm should always offer its most favorite worker, since each worker has equal proba-

bility of accepting this offer. Therefore, the equilibrium in the game with no signal is unique.

Proposition 1 [Game with No Signal]

In the game without signal, there exists a unique equilibrium where,

1. Each firm offers its top ranked worker

2. Each worker accepts her best available offer

In the game with (regular) signal, we focus our attention on the non-babbling equilibria

of the game. Note that the game will always have a babbling equilibrium, as defined in

Crawford[2], where firms ignore the existence and any implied information of the signals.

In that case, the game will carry out as if the signal does not exists; therefore, the babbling

equilibrium will be exactly the same as the equilibrium in the game with no signal. In any

non-babbling equilibria, sequential equilibrium will still require each worker to select the best

available offer in the last stage. Since we assume the signals will be interpreted positively
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by the firms (confer section 3.1 Game with Signal), each worker will always signal her most

favorite firm in period 1.

Then to analyze the strategic behavior of firms, we recall that any strategy of firm can be

represented by a 4-tuple (A0, A1, A2, A12), granted that its preference is fixed. Without loss

of generality, we analyze the best response for f1 and we fix θf1 =

w1

w2

. Suppose f1 receives

no signal at all, it knows that f2 have received signals from both w1 and w2, and that implies

that w1 and w2 both rank f1 as their second favorite. Then the best response for f1 is to

offer its most favorite worker (a.k.a w1), since either of them will have equal probability of

accepting the offer (a worker will accept an offer from f1 exactly when f2 does not offer her,

and that happens at probability 1

2
). So A0 = w1. When f1 receives a signal from its favorite

worker w1, it will just directly offer w1, since the signal from w1 indicates that she ranks f1

the highest and will always accept an offer from f1. Therefore, A1 = A12 = w1. The most

interesting case is when f1 receives only one signal from w2, its second favorite worker, then

f1 can either (i) respond to the signal from w2 by offering her (A2 = w2), or (ii) ignoring

the signal from w2 by offering w1 (A2 = w1), its most favorite worker. Option (i) here is like

a safety option, because it will guarantee f1 a match with w2 but only yielding a payoff of

x < 1. On the other hand, option (ii) is more risky and has a betting flavor, because w1 will

choose to match with f1 only when f2 does not offer her, but when that does happen f1 can

earn a payoff of 1. We call option (i) along with A0 = A1 = A12 = w1 the Respond strategy,

and we call option (ii) along with A0 = A1 = A12 = w1 the Ignore strategy. The following

table, which is given by Coles[3], shows f1’s expected payoff conditional on receiving only

one signal from w2.

f1/f2 Respond Ignore

Respond x x

Ignore 0 1/2

Table 1: Payoff Matrix in Game with Regular Signal
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We know that the same reasoning above also applies for f2, so it will also always offer

its most favorite worker except when it receives only one signal from its second favorite

worker. Thus, the available strategies for f2 are also just Respond and Ignore. In this table,

w2 sends signal to f1 and w1 sends signal to f2. When f2 plays Respond, it will offer w1, so

f1 will get payoff of 0 if it chooses to play Ignore and offers its favorite worker w1, and it

will get payoff of x if it chooses to play Respond and offers w2. On the other hand, when

f2 plays Ignore, it will offer whoever it prefers the most. So if f1 plays Respond and offers

w1, w1 will accept its offer half of the time (when f2 does not offer her), and f1 will earn an

expected payoff of 1/2. And lastly, if f1 plays Ignore, it will simply earn payoff of x. We

see from this result that f1 should always Respond if f2 plays Respond. And when f2 plays

Ignore, f1 should only Respond when x ≥ 1/2. Hence, we see that a pure Nash equilibrium

where the firms play (Respond,Respond) always exists, while an equilibrium where the firms

play (Ignore, Ignore) exists only when x ≤ 1/2. Notice that an asymmetric equilibrium

where the firms play (Respond, Ignore) or (Ignore,Respond) never exists, since that will re-

quire 0 > x, which is never true. Finally, we record these results in the following Proposition.

Proposition 2 [Game with Regular Signal]

In the game with regular signal, there always exists a babbling equilibrium, where firms

act as if the signal does not exists. The babbling equilibrium is given by: each firm offers its

most favorite worker and each worker always signal her most favorite firm and accepts best

available offer.

We have two non-babbling equilibria, and in both of them, each worker signals her most

favorite firm and accepts best available offer.

1. In the responsive equilibrium, firms both play Respond strategy. And this equilibrium

always exists, regardless the value of x

2. In the ignoring equilibrium, firms both play Ignore strategy. And this equilibrium exists

if x ≤ 1/2
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4.2 Noisy Signal

In this section, we analyze the equilibrium behavior of the agents under the circumstance

where the signal is modified to be noisy with parameter p ∈ [0.5, 1]. Again, we focus on non-

babbling equilibria with pure strategies of the game.

One thing worth noticing is that in this modified model, it is not completely clear why

we could just assume that firms will always interpret the signals positively, since the signal

now could be a “false signal” and the firm receiving the signal might well the be non-

intended receiver. However, since we fixed p ∈ [0.5, 1], any firm that receives a signal is,

statistically speaking, still more likely to be the intended receiver. Plus, if firms interpret

the signals negatively, the workers could just instead signal the firm she hates the most, and

the resulting game will just be the same as when firms interpret the signals positively and

workers signaling their most favorite firms. Therefore, it is justified for us to continue working

under the premise that signals are interpreted positively. Therefore, in any equilibrium of

the game, workers will always signal their most favorite firm in the first period and accept

the best available offer in the last period.

We now turn to analyzing the strategic behavior of the firms in the second period of

the game. Without loss of generality, we let f1 to be the subject of our analysis and fix

its preference list to be θf1 =

w1

w2

. Therefore, any strategy played by firm f1 can again

be represented by a 4-tuple (A0, A1, A2, A12), as defined in section 3.1. And we define the

Respond and Ignore strategy in the same way as we did in section 4.1: In a Respond strategy,

firm will always respond to the signal, so it will offer its most favorite worker when it receives

no signal, or only one signal from its most favorite worker, or signals from both workers, and

it will offer its second favorite worker when it receives a signal only from her. In a Ignore

strategy, firm will simply ignore the signal and always offer its most favorite worker.

Following similar steps of analysis in the case of regular signal, we found that the game

with noisy signal also only allows two types of equilibrium: (i) a responsive equilibrium

where all firms play Respond, and (ii) an ignoring equilibrium where all firms play Ignore.
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The equilibria results are summarized in the Proposition below, and the proof to this Propo-

sition is included in the Appendix section.

Proposition 3 [Game with Noisy Signal]

There exist two non-babbling equilibria in the game with noisy signal, and in both of them,

each worker signals her most favorite firm and accepts best available offer.

1. In the responsive equilibrium, firms both play Respond strategy. And this equilibrium

exists if x ≥ 1− p

2. In the ignoring equilibrium, firms both play Ignore strategy. And this equilibrium exists

if x ≤ 2− p

1 + p

See the figure below for the region of each equilibrium. In the blue section, ignoring equi-

librium is the unique equilibrium of the game; in the yellow section, responsive equilibrium

is the unique equilibrium of the game; and in the green section, both equilibria exist.

Ignoring Eq.

Ignoring & Responsive Eq.

Responsive Eq.

0 0.2 0.4 0.6 0.8 1
0

0.2
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0.6

0.8
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Figure 1: Equilibrium Existence Condition of Noisy Model
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Remark

First, we see that when we set p = 1 (i.e. signal is regular), we have that Responsive

equilibrium exists when x ≥ 0, which is all the time; and Ignoring equilibrium exists when

x ≤ 1

2
. The result corroborates what we had in Proposition 2 in the game with regular

signals.

Second, we see that in this more general setting where we allow p to go below 1, the

Responsive equilibrium is no longer an equilibrium that exists all the time. In fact, to

the quite opposite, when we have p =
1

2
, Ignoring equilibrium exists at all values of x,

but Responsive equilibrium exists only when x ≥ 1

2
. This result makes sense because as

p decreases, the validity/trustworthiness of the signal decreases, so on average we should

expect firms respond to the signal less often, and as a result the decrease in p “drives out”

the existence of the Responsive equilibrium when x is small.

Finally, in the game with regular signal, only Responsive equilibrium could be a unique

equilibrium (when x >
1

2
). In the game with noisy signal, when p < 1, we could also have

a unique Ignoring equilibrium when x < 1 − p. This effectively cuts our region into three

sections, where on the two end we have unique Ignoring/Responsive equilibrium and in the

middle two equilibria exist simultaneously. This is effectively the flip side of our second point

above: as firms choose to play Respond less frequently when p decreases, they instead turn

to play Ignore more often, and as a result the decrease in p “strengthens” the existence of

the ignoring equilibrium so much that it becomes the unique equilibrium when x is small.

4.3 Lost Signal

In this section, we analyze the equilibrium behavior of the agents under the circumstance

where the signal is modified to be lost with parameter p ∈ [0, 1]. Again, we focus on non-

babbling equilibria with pure strategies of the game.

Since the signal is fully trustworthy (i.e. when firm receive a signal from some worker,

the firm can be 100% sure that this worker ranks it the first), we can continue to work under

the premise that signals are interpreted positively in this game. Therefore, just like the other
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two versions of the game, in any equilibrium of the game, workers will always signal their

most favorite firm in the first period and accept the best available offer in the last period.

We now turn to analyzing the strategic behavior of the firms in the second period of the

game. Again, we let f1 to be the subject of our analysis and fix its preference list to be

θf1 =

w1

w2

. Therefore, any strategy played by firm f1 can again be represented by a 4-tuple

(A0, A1, A2, A12), as defined in section 3.1. And we define the Respond and Ignore strategy

in the same way as we did in section 4.1.

Following similar steps of analysis in the case of regular and noisy signal, we found that

the game with lost signal also only allows two types of equilibrium: (i) a responsive equi-

librium where all firms play Respond, and (ii) an ignoring equilibrium where all firms play

Ignore. The equilibria results are summarized in the Proposition below, and the proof to

this Proposition is included in the Appendix section.

Proposition 4 [Game with Lost Signal]

There exist two non-babbling equilibria in the game with lost signal, and in both of them,

each worker signals her most favorite firm and accepts best available offer.

1. In the responsive equilibrium, firms both play Respond strategy. And this equilibrium

exists if x ≥ 3− 3p

4− 2p

2. In the ignoring equilibrium, firms both play Ignore strategy. And this equilibrium exists

if x ≤ 3− 2p

4− 2p

See the figure below for the region of each equilibrium. In the blue section, ignoring equi-

librium is the unique equilibrium of the game; in the yellow section, responsive equilibrium

is the unique equilibrium of the game; and in the green section, both equilibria exist.
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Figure 2: Equilibrium Existence Condition of Lost Model

Remark

Similar to the result in the game with noisy signal, we see that when we set p = 1 (i.e.

signal is regular), we get back our result in Proposition 2.

Second, as p decreases, the rate that the existence of the Responsive equilibrium is “driven

out” (confer Remark in section 4.2) is now faster than that the rate in the game with noisy

signal (the comparison is only restricted within the range of p ∈ [0.5, 1]). But at the same

time, the rate that the existence of the Ignoring equilibrium is “strengthened” is also now

slower. As a result, we now have a much smaller region where the two equilibria co-exist.

Hence, in a sense the lost signal mechanism encourages the unique existence of either type

of equilibria.

Finally, contrary to the result in the game with noisy signal, and as a continuation

of our second point above, we now always have a region with nonzero measure where the

Ignoring/Responsive equilibrium is the unique equilibrium. And the unique existence of the

Responsive equilibrium is now never eliminated. Although when p = 0, where the signals
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are always lost and never successfully delivered, the Responsive equilibrium is the same as

the Ignoring equilibrium since Respond strategy is literally the same as the Ignore strategy,

by definition.
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5 Welfare Analysis

In this section, we analyze the welfare and matching results of the various equilibria that

we are interested in the previous sections. We define the following short-hand notations to

refer to the various equilibria we have identified:

• No-Signal Equilibrium: the unique equilibrium in the game with no signal, given in

Proposition 1.

• Ignoring Equilibrium: the equilibrium in the game with regular/noisy/lost signal,

where each firm plays Ignore strategy and always offers its most favorite worker re-

gardless of the set of signals it receives. This equilibrium is given in Proposition 2, 3, 4.

Note that the welfare result of the Ignoring equilibrium should be the same regardless

of the type of the signal, because the signals are literally ignored and do not play a

part in firms’ strategic decisions.

• Regular Responsive Equilibrium: the equilibrium in the game with regular signal, where

each firm plays Respond strategy and always offers its most favorite worker except when

it receives only one signal from its least favorite worker (then it offers that worker).

This is given in Proposition 2.

• Noisy Responsive Equilibrium: the equilibrium in the game with noisy signal, where

each firm plays Respond strategy. This is given in Proposition 3.

• Lost Responsive Equilibrium: the equilibrium in the game with lost signal, where each

firm plays Respond strategy. This is given in Proposition 4.

5.1 Benchmark Welfare

In this part, we analyze the welfare results in the No-Signal Equilibrium, Ignoring Equi-

librium, Regular Responsive Equilibrium. And we shall refer the results of the latter two

equilibria as our benchmark results.
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In a No-Signal Equilibrium, each firm f simply offers the worker it prefers the most.

At probability 1

2
, the two firms disagree on who they prefers the most, and thus f earns a

payoff of 1. At probability 1

2
, the two firms coincide on their top choice, say some worker w,

then f only earns payoff of 1 when w prefers it the most, which happens at 1

2
probability.

And otherwise, firm f earns 0 payoff. Hence, the expected payoff for any firm f is just
1

2
+

1

2
· 1
2
=

3

4
. For each worker w, at probability 1

2
, its most favorite firm offers her, and she

can accept that offer and earns a payoff of 1. At probability 1

4
, only its second favorite firm

offers her, and she earns a payoff of x. Otherwise, she earns payoff of 0. Hence, the expected

payoff for any worker w is 1

2
+

1

4
x =

2 + x

4
. Finally, for matching result, at probability

1

2
, firms’ preferences disagree and this results to a total of 2 matches, and when the firms’

preferences coincide, only one worker will be matched with a firm. Hence, the expected

matching rate is 1

2
· 2 + 1

2
= 1.5.

In a Ignoring Equilibrium, since the firms are ignoring the signals and always offering their

favorite workers, they effectively played the same strategy as in the No-Signal Equilibrium.

Hence, the welfare and matching results in this case will also be the same.

In a Regular Responsive Equilibrium, for each firm f , at probability 1

2
it would receive

a signal from its most favorite worker, in which case it gets matched with that worker and

earns a payoff of 1. At probability 1

4
, it only receives a signal from its least favorite worker,

and it earns a payoff of x by responding to that signal. At probability 1

4
, it receives no signal

and thus offers its most favorite worker, in which case half of the time that worker will accept

its offer. Hence, the expected payoff for any firm f is 1

2
+

1

4
x +

1

4
· 1
2
=

5 + 2x

8
. For each

worker w, at probability 1

2
, her preference differs from the other worker’s, and they each

signal their most favorite firm and each earns payoff of 1. At probability 1

2
, both workers’

preferences coincide, in which case half of the time w’s most favorite firm will offer her, and a

quarter of the time w’s least favorite firm will offer her (and a quarter of time nobody offers

her). Hence, the expected payoff for any worker w is 1

2
+

1

4
+

1

8
x =

6 + x

8
. Finally, for the

matching result, at probability 1

2
each worker signal a different firm and each firm responds
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to their own signal, resulting to a total match of 2. At probability 1

2
, both workers signal

the same firm, and in which case both firms will simply offer their most favorite workers.

Then half of the time each firm will offer a different worker, and half of the time they both

offer the same worker. Hence, the expected matching rate is 1

2
· 2 + 1

4
· 2 + 1

4
= 1.75.

We record these results in the Proposition below.

Proposition 5 [Welfare – Benchmark]

The welfare of the first three types of equilibria are given below.

Equilibrium Firm Payoff Worker Payoff Number of Matches

No-Signal 3

4

2 + x

4
1.5

Ignoring 3

4

2 + x

4
1.5

Regular Responsive 5 + 2x

8

6 + x

8
1.75

Table 2: Welfare Outcomes under Benchmark Model

5.2 Benchmark vs. Noisy Responsive

In this part, we calculate the welfare and matching results of the Noisy Responsive

Equilibrium and compare it to the benchmark results. We simply record the results in the

following Proposition, and postpone its proof to the Appendix section.

Proposition 6 [Welfare – Noisy]

The welfare of the Noisy Responsive Equilibrium is given below, in comparison to the

benchmark results.
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Equilibrium Firm Payoff Worker Payoff Number of Matches

Noisy Responsive 5 + 2x

8

6 + x

8
− 1

2
(1− p)(1− x) 1.75

Regular Responsive 5 + 2x

8

6 + x

8
1.75

Ignoring 3

4

2 + x

4
1.5

Table 3: Welfare Outcomes under Noisy Model

Remark

First, we see that when p = 1 (i.e. the signal is regular) the welfare and matching results

of the Noisy Responsive Equilibrium agree with those of the Regular Responsive Equilibrium.

This verifies that our welfare results are correct. And naturally, when p decreases, worker’s

expected payoff also decreases (i.e. the nonnegative term 1

2
(1 − p)(1 − x) increases as p

decreases).

Second, it is worth noticing that each firm’s payoff do not depend on p. One might think

that as p decreases, the signals become less reliable, the information embedded in the signal

will decrease and the value that each firm can get from responding to the signal would also

decrease. On one hand, firms suffer from the “lack of certainty” when they respond to signal:

that is, without relying on the fact that the other firm will also play Respond strategy, when

a firm f receives a signal from its most favorite worker w and respond to that signal, the

firm can no longer be certain that worker w will definitely accept that offer. On the other

hand, firms also benefit from the “unexpected desirability” when they blindly offer their

most favorite workers: that is, when a firm f does not receive a signal from its most favorite

worker w and still offer that worker, its chance of being matched to w is more than a half

because it might be that worker w prefers f the most but her signal was mis-delivered. The

core idea here is that these two effects are symmetric in the game and balance out with each

other, and firms end up with expected payoffs independent of p.
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Finally, we see that when we set p =
1

2
(i.e. the signal effectively becomes pure noise and

contains no reliable information at all), worker’s expected payoff becomes 4 + 3x

8
, which is

still greater than 2 + x

4
= worker’s expected payoff in the Ignoring Equilibrium. The ad-

ditional benefit here goes to the workers, and it is effectively an additional social welfare

created by our signaling mechanism. In other words, when x is just big enough for firms

to be willing to choose Respond over Ignore, the firms will then be willing to play by the

signaling mechanism and respond to the signal, even if the signals contain absolutely no

information about the workers’ preferences at all. And as a result the workers will be re-

warded with a higher expected payoff. This result also helps demonstrate how additional

value is added into the society by simply introducing the signaling mechanism. And that ad-

ditional value remains to be significant, even if the strength of the signal is weakened by the

noise or the information transmitted through the signal is completely wiped out by the noise.

5.3 Benchmark vs. Lost Responsive

In this part, we calculate the welfare and matching results of the Lost Responsive Equilib-

rium and compare it to the benchmark results. We simply record the results in the following

Proposition, and postpone its proof to the Appendix section.

Proposition 7 [Welfare – Lost]

The welfare of the Lost Responsive Equilibrium is given below, in comparison to the

benchmark results.
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Equilibrium Firm Payoff Worker Payoff Number of Matches

Lost Responsive 5 + 2x

8
+ f(x, p)

6 + x

8
+ g(x, p)

p2 + 6

4

Regular Responsive 5 + 2x

8

6 + x

8
1.75

Ignoring 3

4

2 + x

4
1.5

Table 4: Welfare Outcomes under Lost Model

where f(x, p) =
(1− p)(1− 3p− 2x+ 2xp)

8
is a nonpositive-valued function when x ≥

1/2, and g(x, p) =
(1− p)(x− xp− 2)

8
is a nonpositive-valued function everywhere (i.e.

x ∈ [0, 1], p ∈ [0, 1]).

Remark

First, we see that when p = 1 (i.e. the signal is regular) the welfare and matching results

of the Lost Responsive Equilibrium agree with those of the Regular Responsive Equilibrium.

when p = 0 (i.e. the signal effectively does not exist), the welfare and matching results of

the Lost Responsive Equilibrium agree with those of the Ignoring Equilibrium. This verifies

that our welfare results are correct.

Second, the expected matching under the Lost Responsive Equilibrium is decreased

(p
2 + 6

4
≤ 1.75, since p ∈ [0, 1]). This decrease represents a loss in the overall social wel-

fare, and is attributed to the fact that information/signal can sometimes be lost during

transmission.

Finally, the derivative of worker’s expected payoff with respect to p is positive, so as p

decreases, worker’s expected payoff also decreases. However, the derivative of firm’s payoff

with respect to p is not always positive. In fact for small values of p, x (for example, when

p, x ≤ 0.2), firm’s expected payoff under the Lost Responsive Equilibrium is even greater

than that under the Regular Responsive Equilibrium. When x is small, firm is worse off by
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responding to a signal from its least favorite worker than ignoring that signal and offering

its most favorite worker. However, the Responsive equilibrium requires the firms to always

respond to signals. In the game with lost signal with low p value, the signals will going

to be lost for the majority of time, so the firms can be prevented from committing such

sub-optimal actions (i.e. responding to inferior signals) for the majority of time.

5.4 Noisy vs. Lost Responsive

In this part, we compare the welfare results under the Noisy Responsive Equilibrium and

the Lost Responsive Equilibrium. The exact numerical welfare results under these equilibria

can be found in Section 5.2 and 5.3.

We see that worker’s expected payoff under the Lost Responsive Equilibrium is greater

than that under the Noisy Responsive Equilibrium when 1

8

(
(4 + x) + (2p + (1 − p)2x)

)
>

6 + x

8
− 1

2
(1− p)(1− x), which happens exactly when x <

2

p+ 3
given that p ≤ 1. Approxi-

mately, this means that when firms always play Respond, workers are better-off in the game

with lost signal than in the game with noisy signal when x is small.

The definition of lost signal entails that each firm receives a signal less frequently, which

makes the firm respond to signals less frequently. Thus, when x is big, worker would rather

like to have the signal sent to the non-intended firm so that it will respond and worker can

gain a payoff of x. But be aware as there is a trade-off here: this happens at the cost that

even if the signal is delivered to the intended firm, that firm may not necessarily response.

And when x is small, worker would rather like to have the signal to be lost than sent to the

wrong firm, because the trade-off we mentioned previously is no longer worth it.
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6 Conclusion

As means of reducing signal strength and information gain from signaling, I constructed

two modifications to the original signaling mechanism: noisy and lost signaling mechanism.

I showed that the possible types of equilibrium in these modified models are identical to

the original model proposed in Coles[3]. In specific, regardless of the signal type (with

the restriction that the probability parameter p ≥ 0.5 for noisy signaling), workers will

always signal their favorite employers and accept the best offer that is available to them

under equilibrium. And employers, under equilibrium, will either ignore or respond to the

signals. In plain words, an ignoring strategy of the employer means that it will always offer

the top ranked worker on its preference list, and therefore ignoring the information from

any possible signals it might have received. On the other hand, a responsive strategy of

the employer means that it will offer the top ranked worker out of the group of workers

that have sent it a signal, and therefore utilizing the information from the signal by acting

upon it. Furthermore, I showed that in the modified models, as the probability parameter p

decreases in value, information gain through signaling is reduced, either because information

are less reliable or less available, and therefore employers choose to respond to signals less

often. Consequently we obtain a different equilibrium existence description (refer to Figure

1 & 2 in section 4 for pictorial description): we now can have a region when p < 1 where

the ignoring equilibrium is a unique equilibrium, and this region expands as p decreases;

meanwhile, the region where the responsive equilibrium is a unique equilibrium contracts.

In terms of welfare outcomes, we found that as the signal strength decreases through

the lost parameter, the amount of additional social welfare also decreases proportionally –

and it vanishes when the signal is lost with probability 1. On the other hand, as the signal

strength decreases through the noisy parameter, the additional social welfare will only be

partially eliminated – the additional welfare is now attributed to two sources, informational

gain through signaling and coordination effect from the mechanism alone. So when the signal
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becomes completely noisy, only the part of the additional welfare that is due to information

gain will be eliminated, while the mechanism alone surprisingly still provides coordination

effect to the market.

In conclusion, our results from these modified models give us more concrete and diverse

ways to understand how the signaling mechanisms work in a matching market. Specifically,

under a noisy signaling mechanism, we showed that half of the times (when x ≥ 1/2)

employers are willing to follow this mechanism by responding to workers’ signals even if they

will learn nothing from the signals at all. This result demonstrated that social welfare is

not only created through information gain from signaling, but also through the coordination

effect embedded in the mechanism itself.
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7 Appendix

Proof to Proposition 3 [Game with Noisy Signal]

Proof. Given that our subject of analysis if f1 and its preference is fixed to be θf1 =

w1

w2

.

f1’s strategy can be represented by the 4-tuple (A0, A1, A2, A12), as defined in section 3.1.

Let T denote the action that firm offers its top ranked worker, and B denote the action that

firm offers its bottom ranked worker.

First we claim that in any equilibrium of the game, f1 must play A0 = T . First we notice

that if f1 received 0 signal, then f2 must have received 2 signals from both w1 and w2. So

f1’s expected payoff in the case where it receives 0 signal only depends on its own action

and the action that f2 takes when it receives 2 signals. When f1 plays A0 = T , regardless

what f2 plays at A12, f1 will earn an expected payoff of (1− p) · 1 + p · 1
2
· 1 = 1− 1

2
p. That

is, by playing A0 = T , f1 will offer w1. Since w1’s signal was sent to f2, we know that at

probability of 1− p, the signal was mis-delivered and w1 actually prefers f1 the most, so w1

will accept the offer from f1 and earning f1 a payoff of 1; then at probability of p, the signal

was delivered correctly and w1 actually prefers f2 the most, so the only chance that f1 can

be matched with w1 is when f2 does not offer w1, and that happens 1
2

of the time regardless

what f2 is playing at A12. In the following, we will not include a detailed explanation of our

calculation as such, but they all follow a similar logic like this one here. On the other hand,

when f1 plays A0 = B, regardless of what f2 plays at A12, f1 will earn an expected payoff of

(1− p)x+ p · 1
2
x = (1− 1

2
p)x. Since we defined x < 1, playing A0 = B is strictly dominated

by playing A0 = T for f1, and thus in any equilibrium, f1 must play A0 = T .

Similarly, f1 must play A12 = T in any equilibrium. When f1 plays A12 = T , its expected

payoff is p · 1 + (1− p) · 1
2
· 1 = 1

2
(1 + p). And when f1 plays A12 = B, its expected payoff is

px+ (1− p) · 1
2
x = 1

2
(1 + p)x. Hence, A12 = T is the best response here for f1 here.

In any equilibrium, f1 must play A1 = T . When f1 receives only 1 signal from its most

favorite worker w1, it implies that f2 would have received a signal from w2, but we do not
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know yet the ranking that f2 gives to w2. We calculate f1’s expected payoff given it received

signal from w1, and conditional on the action that f1 takes at A1 and f2’s action at (A1, A2).

f1/f2 (A1, A2) = (T, T ) (A1, A2) = (T,B) (A1, A2) = (B, T ) (A1, A2) = (B,B)

A1 = T p+ 1
2
(1− p) = 1

2
(1 + p) 1 p 1

2
(1 + p)

A1 = B px+ 1
2
(1− p)x = 1

2
(1 + p)x 1

2
x x 1

2
(1 + p)x

Table 5: f1’s Expected Payoff Conditional on f2’s Actions

We see that playing A1 = T is a best response for f1 against any action of f2 at (A1, A2)

except for when f2 plays (A1, A2) = (B, T ). And in that case, A1 = T is a best response for

f1 if p ≥ x.

If f2 playing (A1, A2) = (B, T ) is part of an equilibrium, then in that equilibrium f1

must not be playing A1 = T , since f2 playing A1 = B is not a best response against f1

playing A1 = T . So in that equilibrium, we must have f2 playing (A1, A2) = (B, T ) and

f1 playing A1 = B. And f1 also must not be playing A2 = B in that equilibrium, since

f2 playing A1 = B is not a best response against f1 playing (A1, A2) = (B,B). Hence,

in that equilibrium, we must have both f1 and f2 playing (A1, A2) = (B, T ) (along with

A0 = A12 = T ). Such a strategy means that a firm will offer its top ranked worker when

receiving 0 or 2 signals, but when it receives only one signal from some worker, it will always

“dodge” that signal and offer the other worker, whom it did not get a signal from. In other

words, the firms are now interpreting the signals negatively. Now this strategy profile for

the firms can only be part of an equilibrium when workers signal their least favorite firm in

the first period. However, since we assumed, without loss of generality, that firms interpret

signals positively and workers always signal their most favorite firm in the first period, this

strategy profile where both firms play (A0, A1, A2, A12) = (T,B, T, T ) cannot be a part of an

equilibrium.
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Hence, in the reduced table where action (A1, A2) = (B, T ) is ruled out, we can conclude

that f1 will always play A1 = T in an equilibrium. As a result, in an equilibrium, any firm

can only possibly play one of the following two strategies: (A0, A1, A2, A12) = (T, T, T, T ) or

(T, T,B, T ). Following our definition in section 4.1, we call the first strategy the Respond

strategy, and the second one Ignore strategy. To compare these two strategies, we now cal-

culate f1’s expected payoff given it only received signal from w2 (its second favorite worker),

and conditional on the strategy that f2 will play.

f1/f2 Respond Ignore

Respond x px+ 1
2
(1− p)x = 1

2
(1 + p)x

Ignore 1− p (1− p) + 1
2
p = 1− 1

2
p

Table 6: f1’s Expected Payoff Conditional on Receiving Signal from only w2

Hence, strategy profile (Respond,Respond) will be in an equilibrium if x ≥ 1 − p, and

strategy profile (Ignore, Ignore) will be in an equilibrium if 1 − 1
2
p ≥ 1

2
(1 + p)x, which is

equivalent to x ≤ 2− p

1 + p
. And strategy profiles (Respond, Ignore), (Ignore,Respond) could

never be in an equilibrium because that will require x ≥ 2− p

1 + p
and x ≤ 1 − p at the same

time, and that condition never holds given that we select p ∈ [0.5, 1] and x ∈ [0, 1]. Hence,

we only have two types of equilibria in our game: a responsive and an ignoring one. This

completes the proof to Proposition 3.

Proof to Proposition 4 [Game with Lost Signal]

Proof. Given that our subject of analysis if f1 and its preference is fixed to be θf1 =

w1

w2

.

f1’s strategy can be represented by the 4-tuple (A0, A1, A2, A12), as defined in section 3.1.
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Let T denote the action that firm offers its top ranked worker, and B denote the action that

firm offers its bottom ranked worker.

First we claim that in any equilibrium of the game, f1 must play A0 = T . Clearly, if f1
received signal from neither worker, then either worker has the same probability of preferring

f1 the most, and thus if f1 send an offer to any of them, they will have equal probability of

accepting the offer. Hence, to maximize expected payoff, f1 should offer his most favorite

worker, and thus A0 = T .

Then, we see that f1 must play A1 = A12 = T in any equilibrium. In a game with lost

signal, when a signal is delivered to the firm, it is always fully trustworthy. Hence, receiving

a signal from w1 will mean that w1 prefers f1 the most, and in such cases, f1’s best response

would simply be to offer w1, i.e. A1 = A12 = T .

Given the these results, we see that in an equilibrium, any firm can only possibly play

one of the following two strategies: (A0, A1, A2, A12) = (T, T, T, T ) or (T, T,B, T ). Following

our definition in section 4.1, we call the first strategy the Respond strategy, and the second

one Ignore strategy. To compare these two strategies, we now calculate f1’s expected payoff

given it only received signal from w2 (its second favorite worker), and conditional on the

strategy that f2 will play.

f1/f2 Respond Ignore

Respond x x

Ignore 1⃝ =
3− 3p

4− 2p
2⃝ =

3− 2p

4− 2p

Table 7: f1’s Expected Payoff Conditional on Receiving Signal from only w2

where some entry values are calculated below.

We first calculate the posterior believes: suppose i ̸= j,

P(wk most prefer fi, signal lost |fi received no signal from wk) =
1
2
(1− p)

1
2
+ 1

2
(1− p)

=
1− p

2− p
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P(wk most prefer fj, signal delivered |fi received no signal from wk) =
1
2
p

1
2
+ 1

2
(1− p)

=
p

2− p

P(wk most prefer fj, signal lost |fi received no signal from wk) =
1
2
(1− p)

1
2
+ 1

2
(1− p)

=
1− p

2− p

So we have,

1⃝ =
1− p

2− p
· 1 + p

2− p
· 0 + 1− p

2− p
· 1
2
=

3− 3p

4− 2p

2⃝ =
1− p

2− p
· 1 + p

2− p
· 1
2
+

1− p

2− p
· 1
2
=

3− 2p

4− 2p

Hence, strategy profile (Respond,Respond) will be in an equilibrium if x ≥ 3− 3p

4− 2p
, and

strategy profile (Ignore, Ignore) will be in an equilibrium if x ≤ 3− 2p

4− 2p
. And strategy profiles

(Respond, Ignore), (Ignore,Respond) could never be in an equilibrium (for measure nonzero

region) because that will require x >
3− 2p

4− 2p
and x <

3− 3p

4− 2p
at the same time, and that

condition never holds given that we select p ∈ [0, 1] and x ∈ [0, 1]. Hence, we only have two

types of equilibria in our game: a responsive and an ignoring one. This completes the proof

to Proposition 4.

Proof to Proposition 6 [Welfare – Noisy]

Proof. Suppose we’re in the Noisy Responsive Equilibrium, as defined in Section 5, we analyze

the welfare and matching results under this equilibrium.

Since the equilibrium is symmetric and firms are homogeneous, they will all have the same

expected payoff under this equilibrium. Without loss of generality, let f1 be the subject of

our analysis here, and fix its preference list to be θf1 =

w1

w2

. Firm f1 will face four different

cases: (i) receiving no signals, (ii) receiving only 1 signal from its most favorite worker, (iii)

receiving only 1 signal from its least favorite worker, and (iv) receiving signals from both

workers. Each of these four cases happen at probability 1

4
, we simply calculate the expected

payoff under each case here.
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In case (i), at probability (1 − p)2, both w1, w2 actually prefers f1 the most, but their

signals were both mis-delivered, so f1 will earn payoff of 1 by playing Respond and offering

w1. At probability p(1− p), w1’s signal was mis-delivered, but w2’s was delivered correctly,

so f1 will earn payoff of 1. At probability p(1 − p), w1’s signal was delivered correctly, but

w2’s signal was mis-delivered, so f1 will earn expected payoff of 1
2

(since f1 could potentially

be matched with w1 if f2 does not offer w1, which happens at half of the time in this case).

Finally, at probability p2, both signals are delivered correctly, and f1 earns expected payoff

of 1

2
. In summary, f1’s expected payoff in case (i) is (1− p)2 + p(1− p) +

1

2

(
p2 + p(1− p)

)
.

In case (ii), since f1 only received signal from w1, it follows that f2 has only received

signals from w2. Since both firms are playing Respond, their offer will not coincide, and f1

earns a payoff of 1.

Similarly, in case (iii), f1 earns a payoff of x, since both firms play Respond.

Finally, in case (iv), at probability p2 + p(1 − p), w1’s signal was delivered correctly, so

f1 will earn an payoff of 1, at probability (1− p)2 + p(1− p), w1’s signal was mis-delivered,

and by offering w1, f1 will earn an expected payoff of 1

2
. Hence, f1’s expected payoff in case

(iv) is p2 + p(1− p) +
1

2

(
(1− p)2 + p(1− p)

)
.

To sum up, the expected payoff of f1 is given by 1

4

(
(1 − p)2 + p(1 − p) +

1

2

(
p2 + p(1 −

p)
))

+
1

4
+

1

4
x+

1

4

(
p2 + p(1− p) +

1

2

(
(1− p)2 + p(1− p)

))
=

5 + 2x

8
.

We now turn to analyzing the welfare results for the workers. Let w1 be the subject of

our analysis, and fix θw1 =

f1
f2

.

At probability 1

2
(p2 + p(1− p)), w1’s signal is delivered correctly to f1 and w2’s signal is

not delivered to f1, then w1 earns a payoff of 1.

At probability 1

2
((1− p)2 + p(1− p)), w1’s signal is mis-delivered to f1 and w2’s signal is

delivered to f1, then w1 earns a payoff of x.

At probability 1

2
, w1 and w2’s signals are sent to the same firm, in which case, half of the

time f1 will offer w1 and w1 earns a payoff of 1, and a quarter of the time only f2 will offer
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w1 and w1 earns a payoff of x (the other quarter of the time no one offers w1 and payoff is

0). Hence under this case, w1’s expected payoff is 1

2
+

1

4
x.

To sum up, the expected payoff of w1 is given by 1

2
(p2 + p(1− p)) +

1

2
((1− p)2 + p(1−

p))x+
1

2

(1
2
+

1

4
x
)
=

6 + x

8
− 1

2
(1− p)(1− x).

Finally, the analysis of the matching result is the same as that in the Regular Respon-

sive Equilibrium (i.e. expected matching of 1.75), since the firms are still playing Respond

strategy, and the noisy nature of the signal does not affect the matching result. This now

completes the proof to the Proposition.

Proof to Proposition 7 [Welfare – Lost]

Proof. Suppose we’re in the Lost Responsive Equilibrium, as defined in Section 5, we analyze

the welfare and matching results under this equilibrium.

Without loss of generality, let f1 be the subject of our analysis here, and fix its preference

list to be θf1 =

w1

w2

. Firm f1 again will face four different cases: (i) receiving no signals,

(ii) receiving only 1 signal from its most favorite worker, (iii) receiving only 1 signal from

its least favorite worker, and (iv) receiving signals from both workers. We calculate the

probability of happening and expected payoff for each of these four cases.

Case (i) is the composite of the following sub-cases: at probability 1

4
(2p(1− p)), f1 earns

payoff of 0; at probability 1

4
(2(1 − p)2 + 2p(1 − p)), f1 earns payoff of 1; at probability

1

4
(p2 + 2(1− p)2), f1 earns payoff of 1

2
.

Case (ii) happens at probability 1

4
(p2 + 2p(1− p)), and f1 earns payoff of 1.

Case (iii) happens at probability 1

4
(p2 + 2p(1− p)), and f1 earns payoff of x.

Case (iv) happens at probability 1

4
p2, and f1 earns payoff of 1.

To sum up, the expected payoff of f1 is 5 + 2x

8
+

1

8

(
(1− p)(1− 3p− 2x+ 2xp)

)
.
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To calculate the expected payoff of worker and matching results, we let w1 be the subject

of our analysis, and we fix θw1 =

f1
f2

. Then there are only the following six combinations

of signals that the firms could have received: (i) f1 received signals from w1 and w2 but f2

received nothing (which we shall denote as

w1, w2

0

), (ii)

w1

0

, (iii)

w1

w2

, (iv),

w2

0

,

(v)

0

0

, and (vi)

 0

w2

. In each of these six cases, we shall calculate the probability of the

case happening, payoff w1 will receive, and the matching results. Note that the matching

result will be symmetric across worker preference, so the expected matching we get from

these 6 cases will be the overall expected matching.

Signals Received Probability w1’s Payoff Expected Matchingw1, w2

0

 1

2
p2

1

2
+

1

4
x 1.5w1

0

 p(1− p) 1 1.5w1

w2

 1

2
p2 1 2w2

0

 1

2
p(1− p)

1

2
x 1.50

0

 (1− p)2
1

2
+

1

4
x 1.5 0

w2

 1

2
p(1− p)

1

2
1.5

Table 8: w1’s Expected Payoff and Expected Matching Conditional on Signal Distribution

Hence, we conclude that the expected payoff of w1 is 4 + x

8
+

1

8
(2p+(1− p)2x). And the

expected matching is 1

4
(p2 + 6). This completes the proof to the Proposition.
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